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Abstract. The general methodology of solving a problem of kinematical analysis of a spatial 

mechanism is presented. The method is based on the system proposed by Hartenberg and 

Denavit, concerning the notations of the coordinate frames attached to the elements of the 

mechanism and on the closure matrix equation of a kinematical chain. Carrying out the closure 

equation for the case of spherical mechanisms and then applying the transfer principle of 

Kotelnikov, the equations which allow for finding the unknown parameters of the kinematical 

chain are obtained. Starting from the typical form of closure equation based on homogenous 

operators Hartenberg-Denavit, the closure matrix equation is obtained in dual format. By 

identifying two special matrices it is shown that the coefficient of the dual part from the 

closure equation is in fact a sum in which each term is attained from the real part of the closure 

equation by performing simple operations involving the special matrices, that reduce the 

calculus volume.  

1.  Introduction 

The dual numbers were introduced by Clifford [1] related to the research conducted in the study of the 

properties of quaternions. The dual numbers occurred in abstract mathematical researches but after a 

short time they proved their usefulness in applied sciences, and the work of Ball [2] should be 

mentioned. In the field of theory of mechanisms Dimentberg [3] and Kotelnikov [4] are essential 

references. In the domain of theory of mechanisms, Yang [5] obtained important results applying the 

dual quaternions for the kinematical study of spatial mechanisms; thus, he obtained the analytical 

relations for the displacements from the pairs of the RCCC mechanism. The dual numbers have a 

structure similar to the complex numbers from elementary algebra, being expressed under the form:      

0â a a       (1) 

where   is the dual unit with the property
2 0   with the immediate consequence 0 1n , n   . The 

matrix method proved to be an extremely useful instrument in completing the kinematical analysis of 

spatial mechanisms. The matrix denoted 12d  corresponds to the translation of the origin of the frame 

1" "  over the origin of frame  2" "  and the matrix related to the rotation 12R  gets the axes of the 

system 1" "  parallel to the axes of the system 2" " . The transformation relation has the general form:  

   1 1 1 12 12 2 2 2

T T
x y z x y z d R    (2) 



 

 

 

 

 

 

Or, in a concentrated manner: 

212121 xRdx       (3) 

The drawback of this expressing style is evident when it is aimed the equivalent expression of some 

successive transformations, written as a unique transformation. Thus, writing:  

1 12 12 2 12 12 23 23 3 13 13 3( )      x d R x d R d R x d R x    (4) 

it results: 

23121213 dRdd  ;     231213 RRR      (5) 

Hartenberg and Denavit [6] proposed the explanation of the displacement of a system using a 

(4 4)  type matrix, including in its structure both the rotation matrix and the displacement vector: 

   12 12

1 1 1 2 2 21 1
0 0 0 1

T T
x y z x y z

 
  
 

R d
   (6) 

or, in concentrated form: 

2121 XTX       (7) 

    12 12

1 1 1 1 2 2 2 2 121 , 1 ,
0 0 0 1

T T
x y z x y z

 
    

 

R d
X X T   (8) 

The advantage of expressing the transformation relation under the form (5) is clear for the situation 

of composing multiple displacements:  

1 12 2 12 23 3 12 23 3 13 3( ) ( )   X T X T T X T T X T X    (9) 

The outcome is: 

231213 TTT       (10) 

This expression attests the homogenous nature of transformation relations and thus justifying the 

name “method of homogenous operators” under which the method is known. In the case of a closed 

contour the equation of closure of the kinematical chain is obtained: 

41,nn,1n2312 ... ITTTT      (11) 

Hartenberg and Denavit [6] showed that the displacement of the " k"  system over the 1" k "  

system will be obtained as the result of two helical motions: the first motion, performed about kOz  

axis, with the angle k  and the translation ks  and the second, about the 1k ,kOx   axis, with the angle 

1k ,k   and the translation 1k ,ka  . The two above displacement can be completely characterized by the 

dual numbers:  

k k k
ˆ s    ;    1 1 1k ,k k ,k k ,k

ˆ a         (12) 

2.  The closure equation of the contour in dual form 

The two dual angles are represented in figure 1 and figure 2. The two displacements, the roto-

translation with respect to kOz  and the roto-translation with respect to 1k ,kOx  , will be expressed 

according to the transfer principle of Kotelnikov [4], using the matrices reflecting the rotation about 

the axes Oz  and Ox  respectively, where the actual angles should be replaced by dual angles. In order 

to obtain the explicit expressions of ( )z   and ( )x   the form of the rotation matrix is particularized:        



 

 

 

 

 

 

   3

T T, cos sin     R u uu I uu u    (13) 

where 3I  is the unit matrix of third order and u  is the antisymmetric matrix attached to the u  vector. 

  
Figure 1. The dual number sˆ     Figure 2. The dual number aˆ     

For u k  and    and for u i  and    it is obtained:   
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  (14) 

The following dual transformation corresponds to the 1k ,kT  homogenous transformation: 

, 1 , 1
ˆˆ ˆ( ) ( )k k k k kz x  t     (15) 

The dual equation that corresponds to the closure equation (11) has the form:  

31,nn,1n2312
ˆˆˆ.......ˆˆ Itttt      (16) 

where 3Î  is the dual matrix of third order defined as:   
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Recalling the definition of equality of two matrices and of two dual numbers respectively, a general 

equation of form (16) would give a number of 2 3 3 18( )    scalar equations. Subsequently it is 

shown that for the case of a contour from the structure of a mechanism, the relation (16) generates 6 

independent equations. In equation (14) the argument   is replaced by the dual angle ̂  and it results: 

3
ˆ( ) ( )( )z s    z I Q ;  
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3( ) ( )( )a    x x I Q ;  
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The closure equation, written in dual form using the notations (14) and (16) take the form: 
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 3 , 1 3 , 1 3
1

ˆ( ) ( )
n

k k k k k k
k

s a     


     z I Q x I Q I    (20) 

The product from the left member of equation (20) is expanded and a polynomial of 2n  degree 

with respect to variable   is obtained, with matrix coefficients. Applying the definition of dual unit, it 

results that all the terms of second or higher degree must be zero. The equation (20) takes the form: 

, 1 3
11

ˆ( ) ( ) ( )
k k

n n

k k k
kk

z x    


   P P I     (21) 

where 
k

P  and 
k

P  are matrices obtained by replacing ( )kz  by k ks z Q , and , 1( )k k x  by 

, 1 , 1( )k k k k aa  x Q  respectively, in the product 
, 1( ) ( )

n

k k k
k

z x   .    

1 12 1 1, , 1 1 ,1( ) ( )..... ( ) ( ) ( ) ( ) ( )..... ( ) ( )k k k k k k k k k n ns            P z x z x z Q x z z x   (22) 

1 12 1 1, , 1 , 1 1 ,1( ) ( )..... ( ) ( ) ( ) ( ) ( )..... ( ) ( )k k k k k k k k k k n na              P z x z x z x Q z z x  (23) 

The equation (18) is equivalent to the following real equations: 

, 1 3
1

( ) ( )
n

k k k
k

z x  


 I     (24) 

3
1

( )
k k

n

k
 



  P P O      (25) 

3.  Solving the resultant matrix equations. Observations and discussions 

The left member of equation (24) is the product of 2n  orthogonal matrices, thus being an orthogonal 

matrix. Considering the physical significance of the elements of an orthogonal matrix, namely that the 

elements of a " p"  column are the projections of the pi  versor on the coordinate axes of the reference 

frame, it can be concluded that from the nine elements of the rotation matrix only three are 

independent because the orthonormation conditions must be satisfied:  

p q pq i i      (26) 

From here it results the conclusion that only three equations from the nine provided by the matrix 

equality (24) are independent. Another property of an orthogonal matrix R  is:    

1 T R R      (27) 

From equation (24) it is obtained: 

1 12 1 1, 1 12 1 1,( ) ( )..... ( ) ( ) ( ) ( ) ( )..... ( ) ( ) ( )
T

k k k k k k k k k ks             
   P z x z x z Q z x z x z  (28) 

, 1 1 ,1 , 1 1 ,1( ) ( )..... ( ) ( ) ( ) ( )..... ( ) ( )
T

k k k k n n k k k k n ns           
   P x z z x Q x z z x   (29) 

1 12 , 1 , 1 1 12 , 1( ) ( ).... ( ) ( ) ( ) ( ).... ( ) ( )
k

T

k k k k k k k ka          
   P z x z x Q z x z x   (30) 

1 ,1 , 1 1 ,1( )..... ( ) ( ) ( )..... ( ) ( )
k

T

k n n k k k n na        
   P z z x Q z z x    (31) 

Next, the following assertion is necessary: Theorem 1: If Q  is an antisymmetric matrix, 
T

Q + Q = 0 , then for any M  matrix, the 
T

MQM  matrix is antisymmetric.  Indeed: 

T T
T T T T T T T T( )            MQM MQM MQM M Q M MQM M Q M O  (32) 



 

 

 

 

 

 

The relations (22) and (23), together with equation (24) lead to: 

1 12 1 1, 1 12 1 1,( ) ( )..... ( ) ( ) ( ) ( ) ( )..... ( ) ( ) ( )
T

k k k k k k k k k ks             
   P z x z x z Q z x z x z  (33) 

1 12 , 1 , 1 1 12 , 1( ) ( )..... ( ) ( ) ( ) ( )..... ( ) ( )
k

T

k k k k k k k ka          
   P z x z x Q z x z x  (34) 

The relations (18) and (19) show that the matrices θQ  and αQ  are antisymmetric; based on the 

relations (33), (34) and Theorem 1, one can state that 
kθ

P  and 
kα

P  are antisymmetric matrices. As a 

consequence, the left member of the equation (21) is an antisymmetric matrix and it is completely 

defined by three scalar parameters; therefore, the matrix equation (21) provides three scalar equations. 

The equations (33) and (34) can be simplified following the remark: 

3( ) ( ) ( ) ( )T T

     z Q z x Q x I     (35) 

The above relations are verified by direct calculus. Based on the relations (35) it is obtained: 

1 12 1 1, 1 12 1 1,( ) ( )..... ( ) ( ) ( ) ( )..... ( ) ( )
T

k k k k k k k ks           
   P z x z x Q z x z x   (36) 

1 12 1, , 1 1 12 1,( ) ( )..... ( ) ( ) ( ) ( )..... ( ) ( )
k

T

k k k k k k k ka          
   P z x x z Q z x x z   (37) 

4.  Conclusions 

The paper presents the methodology of obtaining the closure equation in dual form based on the 

standard form of the closure equation for a spatial kinematical chain proposed by Hartenberg and 

Denavit. The identification of the real part and of the coefficients of dual part leads to two matrix 

equations and finding the solutions of these equations depends on the ratio between the number of 

translational and the number of rotational pairs. Thus, maximum three translational pairs may exist in 

the structure of the chain and in this situation, the two systems can be solved independently: first, the 

one that allows finding the rotations and next, the one that help obtaining the translations. If the 

number of translational pairs is less than three, the two systems must be considered altogether as a 

single system that gives simultaneously the solutions both for rotations and translations. By applying 

certain matrix properties for the matrices occurring in the structure of the dual part of the closure 

equation, the form of this equation is much simplified, the calculus volume is reduced significantly 

and an algorithm for finding the equations required for the positional analysis of a spatial mechanism 

can be formulated.  
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